We consider the thermodynamical behavior of Banks-Zaks theory close to the conformal point in a cosmological setting. Due to the anomalous dimension, the resulting pressure and energy density deviate from that of radiation and result in various interesting cosmological scenarios. Specifically, for a given range of parameters one avoids the cosmological singularity. We provide a full "phase diagram" of possible Universe evolution for the given parameters. For a certain range of parameters, the thermal averaged Banks-Zaks theory alone results in an exponentially contracting universe followed by a non-singular bounce and an exponentially expanding universe, i.e. Inflation without a Big Bang singularity, or shortly termed "dS Bounce". The temperature of such a universe is bounded from above and below. The result is a theory violating the classical Null Energy Condition (NEC). Considering the Banks-Zaks theory with an additional perfect fluid, yields an even richer phase diagram that includes the standard Big Bang model, stable single "normal" bounce, dS Bounce and stable cyclic solutions. The bouncing and cyclic solutions are with no singularities, and the violation of the NEC happens only near the bounce. We also provide simple analytical conditions for the existence of these non-singular solutions. Hence, within effective field theory, we have a new alternative non-singular cosmology based on the anomalous dimension of Bank-Zaks theory that may include inflation and without resorting to scalar fields.
Introduction
The existence of singularities in General Relativity (GR) signals the limitations of its validity as a theory describing Nature. Approaching the singularity, one expects some different classical or quantum theory to be the proper description of physical phenomena smoothing out the singularity. The striking difference between singularities in GR compared to singularities in other theories like electromagnetism is that in the latter, the singularity, like a charge of point particle is located in space-time, while the GR singularity is not. The most celebrated examples of singularities in GR are the black hole singularity and the Big Bang singularity in Cosmology. The singularity theorems [1] [2] [3] [4] [5] are based on several assumptions. Most notably in the context of Cosmology is the existence of energy conditions. For a closed Universe with k = +1 the singularity occurs if the energy momentum tensor fulfills the so-called strong energy condition. For the open or flat Universe, k = −1, 0 it is sufficient to assume the Null Energy Condition (NEC) [6, 7] :
where θ ab is the energy momentum tensor and k a is a future pointing null vector field. If we can use a perfect fluid description, then the left hand side of the above inequality can be written in terms of the fluid's energy density ρ, its pressure p and the 4-velocity u a resulting in: θ ab = (ρ + p)u a u b + p g ab ⇒ ρ + p ≥ 0. (1.2) If the equation of state of the fluid is given by p = wρ, then the NEC further simplifies to w ≥ −1. These energy conditions are not based on first principles, but rather on familiar forms of matter, and the fact that violating these conditions many times lead to instabilities invalidating the analysis [7, 8] . Hence, it may very well be that the Universe had a phase (or phases) of NEC violation without ever reaching a singularity. These non-singular solutions are especially interesting if they are predictive with predictions that can be tested in cosmological settings such as CMB observations or Laser Interferometers. We are therefore interested in theories that violate the NEC, but still enjoy a stable evolution. A well known example of such theories are Galilean theories [9] where non-canonical kinetic terms exist, providing a bouncing solution:
The Universe turns from a contracting phase to an expanding one, the scale factor a(t) is always finite, the Hubble parameter H changes sign from negative to positive and exactly vanishes at the bounce [10] [11] [12] [13] [14] [15] [16] [17] . Discussions on the validity and stability of these scenarios are discussed in [9, [18] [19] [20] [21] [22] [23] [24] [25] .
In this manuscript we take a different approach. NEC violation is well known to occur in QFT [26] , and do not seem to lead to any problems in the validity of the analysis. Moreover, there are no local positive definite operators in any QFT! We therefore deviate from the scalar field paradigm and would like to consider other field theories. For our purposes, we will consider the Banks-Zaks theory [27, 28] . Banks-Zaks theory has a non-trivial IR conformal fixed point. At this point the energy-momentum tensor is traceless. If we slightly shift away from the fixed point the beta function does not vanish anymore and the trace of the energy momentum tensor will be proportional to the beta function. As a result, we can consider a thermal average of the theory yielding well-defined expressions for the energy density and pressure of the fluid as functions of temperature. This was done in [29] , and was dubbed "unparticles" even though the notion of unparticles may be more general. For ease of presentation and for the rest of the discussion, we will refer to the thermal average of the Banks-Zaks theory slightly removed from the fixed point as unparticles. The resulting energy density and pressure deviate from that of radiation due to the anomalous dimnesion of the theory. The theory can violate the NEC yielding a very rich "phase diagram" of the possible cosmological behavior.
Starting from the unparticles only scenario, we find a new regular bouncing solution on top of the existing ones. The Universe exponentially contracts, bounces and exponentially expands, i.e. reaching an inflationary phase, henceforth "dS Bounce". The temperature is bounded and is minimal at the bounce and maximal at the exponential contraction/expansion. The NEC is always violated. We then consider the existence of an additional perfect fluid. Depending on the parameters of the theory we have the standard singular solutions, cyclic solutions, and single bouncing solutions including the dS Bounce or a "normal bounce" that is preceded by a slow contraction and followed by a decelerated expansion. The NEC is only violated around the bounce. Finally, the analysis in [29] identified the normalization scale and the temper-ature µ = T . We wish to consider a different setting where the normalization point µ is fixed, unlike the temperature that can vary, hence, µ = T . This will greatly constrain the allowed anomalous dimension of the theory, which will generate a somewhat different phase diagram. The outcome is a new class of viable non-singular cosmological models based on the anomalous dimension of a gauge theory rather than a scalar field. In a separate work we will analyze the predictions for the primordial spectra in these scenarios.
The paper is organized as follows. We start with reviewing the analysis of [29] in section 2. We then consider a Universe filled only with unparticles and its phase diagram in section 3. In section 4 we analyze the case of unparticles with additional perfect fluid. We reassess the constrained case of µ = T in section 5. We then conclude, identifying novel research directions. A brief discussion of the singular solutions in our scenario is relegated to an appendix.
Thermodynamics of Banks-Zaks theory
In this section we review the results of [29] . In order to study the thermodynamic behavior of unparticles, one assumes that the trace of the energy momentum tensor (θ µ µ ) of a gauge theory where all the renormalized masses vanish [30] as
where β denotes the beta function for the coupling g and N represents for normal product. For unparticles the β function has a non-trivial IR fixed point at g = g * = 0. Close to the fixed point one finds
In such a case the running coupling reads
where u and µ are integration constant and renormalization scale respectively. We are interested in lowest-order corrections to the conformal limit (where θ µ µ = 0 ) where the system is in thermal equilibrium at the temperature T and does not contain any net conserved charge. As pointed out earlier β vanishes in the conformal limit, so N [F µ a F a µν ] is equal to its conformal value. Performing a thermal average and taking the renormalization scale µ = T , one finds
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where γ is the anomalous dimension of operator. Using the trace equation ( θ µ µ = ρ u − 3p u ) along with equations (2.3) and (2.4) results in
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where ρ u and p u are the energy density and pressure of unparticles. By using the first law of thermodynamics d(ρV )+pdV = T d(sV ) gives the energy density, the pressure and the entropy density of the Banks-Zaks fluid as functions of temperature 1 :
where σ is a positive integration constant, related to the number of relativistic degrees of freedom, and s u stands for the entropy density of unparticles. B = 0 corresponds to the standard radiation case, while the limit δ → 0 corresponds to logarithmic corrections to radiation in the form of ρ u = σT 4 + AT 4 ln T, p u = ρ u /3 and δ → −3 corresponds to ρ u = σT 4 , p u = 1/3 (σT 4 − AT ) .
Bouncing solution with unparticles
Let us assume that the Universe is filled with unparticles with temperature T and with the energy density ρ u and pressure p u of equations (2.6) and (2.7). Assuming the flat FLRW metric, the Friedmann equations are:
with ρ = ρ u and = p u . We define two "extremal" temperatures that will turn out to be crucial in understanding the evolution of the Universe. First, the bounce temperature, which is the solution to H = ρ = 0:
Second, the "critical temperature", at whichḢ = 0:
Throughout the manuscript we will many times prefer to work with dimensionless quantities, so we define x ≡ T /T b and y ≡ T /T c .
Our goal is to obtain a bounce, which is possible only if at a certain time t b one can satisfy the following conditions
where the subscript b corresponds to the value at the bounce. From Eqs. (3.1,3.2) one finds the following conditions for the existence of the bounce
By definition σ > 0, so in order to obtain ρ u = 0 one requires
The pressure at the bounce is equal to p ub = δσT 4 b 3(δ+3) which means that in order to obtain p ub < 0 one requires δ ∈ (−3, 0]. We rewrite the energy density and pressure in terms of x:
For consistency the continuity equation must hold and can be written aṡ
where a x = da dx .
3.1 Solutions for δ ∈ (−3 , 0] Equation (3.9) can be solved analytically, which for δ = −3 gives 2 :
We normalize the scale factor to be unity at the bounce, T b , (x = 1). The scale factor has a pole at the critical temperature T = T c . Due to the existence of the pole the temperature must remain bigger or smaller than T c throughout all of the evolution. We are interested in a bouncing Universe and therefore we choose T < T c . We want to emphasize that the existence of the pole of a does not mean that the theory has any singularity. Both, curvature and energy density, are finite at T = T c . The a → ∞ limit simply corresponds to t → ∞. 3 Note that for B = 0 one recovers a ∝ 1/T . From (3.10) one finds:
2 Let us assume for the moment that T has no lower bound. Then the scale factor has 3 possible limits for T → 0. For δ > −3 one finds a → ∞, which corresponds to the future infinity in the expanding and cooling Universe. For δ < −3 one finds a → 0, which corresponds to ρ u → ∞ and the Big Bang singularity (for δ < −4) or to ρ u → 0 and Minkowski-like initial conditions (for −4 < δ < −3). The δ = −3 is unique, since it is the only case, for which a → 1 and ρ u → 0.
3 Note that the T > T c would require a different normalization of a to keep a real and positive. In such a range of T solutions asymptote to dS space with T = T c from above.
Requiring H(T b ) = 0 can be satisfied for dx dt t=t b = 0, or δ = −3. 4 The latter case will be dealt separately. Therefore, the temperature must have an extremum at the bounce. The fact that the temperature is extremal at the bounce is crucial. Without it, there is nothing to limit the energy density from evolving to negative values and being pathological. Because of the extremality of the temperature this never occurs. The temperature dynamically reaches a minimum (or maximum in some cases in the next section) at the bounce and always evolves with strictly positive energy density and positive temperature. One can show, that in fact T (t) has a minimum at t = t b , by noticing that from eq. (3.2) for T T b one findṡ 
Note that x c > 1 for δ ∈ (−3, 0]. Therefore, the temperature grows after the bounce, until it reaches its maximal value x = x c , for which H = const. This is also true for the contracting phase of the evolution. Integrating the first Friedmann equation, (3.1), we get an analytical expression for time as a function of temperature:
where ρ = ρ u ,
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where F 1 is the Appell hypergeometric function. Besides the case of 3 + δ 1, the Hubble parameter and scale factor are given to a good approximation by: Figure 1 . An example of the dependence of a, H,Ḣ on the temperature is given in Figure 2 . Hence, considering the Banks-Zaks theory, slightly removed from its fixed point allows an interesting "dS Bounce" scenario. First, it is not based on a scalar field, but rather the averaged behavior of a non-Abelian gauge theory with a suitable number of fermions [27] . Second, the epoch preceding the bounce, is not that of slow contraction, but an exponential contraction. Third, the entire evolution is fully determined. The requirement of a regular bounce implies the existence of both the exponential contraction and the ensuing exponential expansion, i.e. Inflation. Finally, the temperature is bounded from above and below, where the minimal temperature is at the bounce and the maximal at the exponential contraction/expansion. To allow for a parameterically wide range of temperatures, one needs to work in the region of δ → −3 that we shall consider now separately as it has a simple analytic solution. Figure 3 . The analytical solutions for δ = −3. Normalized time vs. normalized temperature in the left panel. In the right panel we have normalized Hubble parameter vs. normalized time.
Analytical solution for δ = −3
The case of δ = −3 is specifically interesting for several reasons. First and foremost, the energy density of unparticles reduces to that of normal radiation. Only the pressure deviates from that of radiation. Second, the temperature at the bounce is reduced to zero. There still is an upper bound on the temperature for the asymptotic de Sitter evolution. Finally, the expressions of the physical quantities are rather simple. As a result, this analytical solution is a limiting simple case of the above analysis. For
where as before y = T /T c and T c = (A/(4σ)) 1/3 . Note that in the δ = −3 case the bounce appears for T = T b = 0 and therefore ρ u (T b ) = p u (T b ) = 0, whileẏ is not necessarily zero. This is in contrast to the previous analysis. In fact one obtains discontinuity ofẏ at the bounce (but not of y!), sinceẏ = ± σ/3T 2 c (1 − y 3 ) and thereforeẏ(t → t b ) → ± σ/3T 2 c . The δ = −3 case is the only one, for which one may obtain a bounce with T b = 0. In all other cases T = 0 is indeed a solution of ρ u = 0, but it cannot lead to a physical bounce, since it has negative energy density
where the constant part was added to synchronize time and temperature, t = 0 with T = 0. Time as a function of temperature and the Hubble parameter as a function of time for the case of δ = −3 are plotted in Fig. 3 .
To summarize, we get the following solution. An exponential contracting phase at T = T c with constant H, followed by a bounce at T = T b which rapidly evolves into an inflationary phase with the same magnitude of H but with a positive sign, again with T = T c . The asymptotic future is de Sitter space and the asymptotic past is exponential contraction, (not Anti de Sitter), a "dS Bounce".
This dS Bounce has several useful features. First, the energy density ρ is always positive. The temperature is always positive but bounded throughout the evolution T b ≤ T ≤ T c , and correspondingly x ≥ 1 and y ≤ 1. However, except the limiting case of δ → −3, we have T c ∼ O(1)T b . Another peculiarity is that the minimal temperature is at the bounce. The reason is the peculiar form of energy. Rewriting the NEC, we get
Since in our scenario T b /T c < y < 1 and δ < 0, the expression in the brackets is always negative, so throughout the evolution the NEC is violated, saturating it only at T = T c . This is depicted in right panel of Fig. 4 . Regarding the δ = −3 case, we want to emphasize that this unique solution (i.e. the bounce with both kinetic and potential energy densities equal zero) is possible only due to the fact that NEC is violated and therefore the energy density of the Universe may grow together with the scale factor.
Approximate solutions
Around the bounce and the de Sitter phase one can obtain a more tractable solution for the time-temperature relation than Appell functions. This will be useful for calculating perturbations. In particular we can write a simple expression for T (t). Let us note that for T T b one findsṪ 0. In such a case, from Eqs. (3.2) and (3.10) one finds
which gives the following approximate temperature, Hubble parameter and scale factor as a function of time:
The numerical result of T (t) as well as the analytical approximation has been presented in the left panel of Fig. 4 . Similarly, we obtain the asymptotic approximation around the dS phase. To obtain an analytic solution for t(T ) one solves the continuity equation (3.9) in vicinity of T c . t(T ) can be then inverted to get T (t) as follows It is then straightforward to obtain expression for H(t) as
where a(t) e Hct is the scale factor. Since unparticles generate de Sitter-like evolution in the vicinity of T c , it is worth comparing this model with cosmic Inflation. In most inflationary models one defines slow roll parameters = −Ḣ H 2 and η = −Ḧ 2ḢH and demands that both and |η| 1. In the case of unparticles the slow roll parameters are given by
One can see that is exponentially suppressed, while η − 3 2 , which makes this case similar to the constant-roll inflation [31, 32] . Note that some version of unparticles have already been analyzed in the context of cosmic Inflation [33] . It is was shown that unparticles by themselves cannot generate Inflation consistent with observational data.
Non-bouncing solutions for unparticles
To complete the "phase diagram", let us briefly investigate non-bouncing scenarios for the evolution of the Universe. The ρ = 0 initial condition can be also obtained for B < 0 and T = T b , which for δ / ∈ [−3, 0] gives a recollapse with the following cosmic scenarios • For B < 0, δ < −3 the temperature obtains its minimum at the recollapse and grows while the Universe contracts. Thus, shortly after the recollapse one can consider the x 1 limit, which gives
This solution has a pole, which means that the temperature reaches infinity at finite time and one reaches a curvature singularity. This case is presented in the Fig. 5 in red.
• For B < 0, δ > 0 one obtains a recollapse at T = T b with a maximum of T at the recollapse. While the Universe contracts, the temperature drops to
for which a T = 0 and both T (t) and
H(t) become discontinuous. Hence, this solution is unphysical. This scenario is presented in the Fig. 5 in brown.
For B > 0 one cannot obtain ρ = 0 for T = 0 and therefore one cannot obtain a bounce or a recollapse. Depending on the value of δ one finds the following scenarios for the evolution of the Universe:
• For B > 0, δ ≥ −3 one finds a T < 0 for all T , so a → 0 as T → ∞. This is simply a Big Bang Universe, i.e. going backwards in time from today we shall reach an infinitely hot dense Universe with a curvature singularity. T is unbounded, as can be seen since T c is complex or negative. The Big Bang scenario is presented in Fig. 5 in white.
• For B > 0, δ < −4 one obtains a Big Bang scenario in the T → ∞ limit. Nevertheless, for T → T p one finds a T → 0 which again leads to unphysical discontinuity of T and H. This case is presented in Fig. 5 in blue. One can avoid the discontinuity by assuming that T < T p throughout the entire evolution of the Universe. In such a case T → 0 and ρ → ∞ while t → ∞ and a → ∞.
• For B > 0, δ ∈ [−4, −3) one obtains real T c but T b is complex. Therefore the de Sitter phase can be reached, but one cannot obtain a bouncing scenario. This is the pink region in Fig. 5 . In such a case the evolution of the Universe depends on initial value of the temperature denoted as T i :
-For T i > T c the temperature decreases towards T c and one obtains constantroll de Sitter expansion with > 0. In the t → −∞ limit one finds T → ∞ and therefore the Universe starts from the Big Bang singularity. The NEC is never violated throughout all of the evolution. Of particular phenomenological interest is the δ = −4 case that corresponds to a universe filled with radiation and cosmological constant. One finds a ∝ 1/T and T decreases throughout the evolution of the Universe. The constant is a potential candidate for Inflation or late-time acceleration.
-For T i < T c the temperature increases while the Universe grows. For T T c one again obtains constant-roll de Sitter expansion with < 0. In this case the late time evolution is the same as in Eqs. (3.24 , 3.25) . Since a real T b does not exist, one does not obtain any lower bound on T . In fact for t → −∞ one finds T → 0 and ρ u → 0. In such a case one starts from the empty Minkowski Universe and increases the temperature up to the T T c limit. The NEC is always violated throughout all of the evolution. Figure 5 . Different cosmological scenarios for the Universe filled with unparticles. White color labels the Big Bang Universe with the singularity in the past. Red and brown represent a (re)collapsing unstable Universe. The blue color is a Universe with a Big Bang and an instability of T , while the yellow color represents the case we have thoroughly discussed of exponential contraction, bounce and de Sitter expansion, i.e. the dS bounce. The pink region corresponds to future asymptotic dS phase that was preceded by either a Big Bang or an empty Minkowski Universe, depending on initial conditions.
To conclude, we have analyzed the possible evolution of a universe filled with unparticles. It results either in a dS Bounce, a standard Big Bang model (either asymptoting to dS or not), or pathological cases where the Hubble parameter and temperature are discontinuous. The non-singular solutions resulted in a temperature bounded from above and below as one may expect in order to have a finite energy density at all times. However, the allowed range of temperatures is parameterically large only for δ −3.
Universe evolution with unparticles and a perfect fluid
It is realistic to assume that besides unparticles, the Universe was also filled with additional fields, which could be described as a perfect fluid with ρ f (t) = ρ f 0 a a 0 −3(1+w) and p f = w ρ f , where ρ f 0 , a 0 are the values of the energy density and scale factor at some time t = t 0 and w is the equation of state parameter of the perfect fluid. For simplicity we limit ourselves to −1 ≤ w ≤ 1. The Friedmann equations (3.1 , 3.2) are now with ρ = ρ u + ρ f and p = p u + p f . As in Sec. 3, we want to obtain a bouncing scenario generated by unparticles, which requires ρ b = 0 and p b < 0. Defining α ≡ ρ f 0 /(σT 4 0 ), α gauges the amount of the perfect fluid with respect to the (standard radiation part) of the unparticles at t = t 0 . As such it gauges the importance of unparticles at that time t 0 , whether they are the dominant contribution to the pressure and energy density or some negligible contribution. Our analysis shows that the existence of an additional perfect fluid, results in additional solutions beyond the single bounce. In all our solutions we demand the positivity of the total energy density ρ ≥ 0 and the temperature T ≥ 0. Let us assume that t = t 0 is a moment of a regular bounce or recollapse of the universe, i.e. H = 0. In such a case one requires ρ(t 0 ) = ρ 0 = 0, which implies that the temperature T 0 = T (t 0 ) will be
Note that for α = 0 one finds T b = T 0 reproducing the unparticles only case. In order to simplify further calculations let us define again x ≡ T /T 0 . As in the previous section, one can obtain a = a(x) from the continuity equation of unparticles: 5
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The t(T ) is derived again from (3.14) . The normalization of a(x) has been chosen to give a(x = 1) = 1. We then express the energy density and pressure as function of x:
(4.5)
Obviously x = 0 and x = 1 are solutions to ρ = H = 0, but there may be other solutions. From here we proceed as follows:
1. We consider the x = 1 solution, as a starting point and calculate the pressure at this point.
A negative pressure will correspond to a bounce (i.e. the Universe will initially expand after deviating from x = 1) and positive pressure to a recollapse (i.e. the universe will initially contract following x = 1). We get the following condition on w:
From (4.3) we have seen that H(x = 1) = 0 corresponds to an extremum of the normalized temperature dx dt = 0. 6 Denoting (4.3) as H ≡ f (x)ẋ we have at x = 1:
Hence, one obtains a Bounce or a recollapse with a minimum or maximum of the temperature depending on the parameters in f 0 .
2. We numerically integrate the equations from x = 1.
The bouncing solutions (ρ 0 = 0, p 0 < 0) are always stable. They lead to a cyclic scenario, a dS Bounce, as in the unparticles only case, or a single "normal bounce" where after H reaches some maximum, it gradually decreases as in the Hot Big Bang scenario. The recollapsing solutions (ρ 0 = 0, p 0 > 0) are either cyclic, reach a curvature singularity at finite time or are unstable.
3. We then checked other roots of ρ = H = 0 and got qualitatively the same scenarios. So for a given set of parameters one can have several possible branches of universe evolution depending on the initial temperature. Table 1 lists all scenarios as a function of α, δ, w assuming the initial condition of x = 1. An example of the different scenarios for α = 1 is presented in Fig. 6 : Green corresponds to a bouncing scenario with maximal temperature at the bounce, yellow to a bounce with a minimal temperature at the bounce, red to a recollapse with a mininal temperature at the recollpase, and brown to a recollapse with maximal temperature at that point. The yellow and brown cases are somewhat counter-intuitive, since they indicate that T grows while H > 0 and T decreases for H < 0. Note that this counterintuitive behavior also appears for the bounce generated only by unparticles described in the previous section. 6 Other solutions are δ = −3 or δ = − 4α 4+α . The case of δ = −3 will bounce only with vanishing temperature at the bounce as in the unparticles only case. For a finite scale factor at the bounce, this will happen only for ρ f 0 = 0 at the bounce, which implies ρ f ≡ 0, so we are back with the unparticles only case. The case δ = − 4α 1+α is analyzed separately in subsection 4.4. Table 1 . Conditions for cosmological scenarios for different values of parameters for Unparticles + fluid. The colors, in accord with Figure 6 , label the physical evolution of the Universe at T = T 0 : Green -bounce at maximal temperature, yellow -bounce at minimal temperature, red -recollapse at minimal temperature, and brown -recollapse at maximal temperature. The different numbers in the Fig. 6 correspond to different scenarios of the evolution of the Universe, namely:
1. Region 1 defined as w < 0 < δ or w > 0 and 0 < δ < −3 + 1/w, corresponds to a cyclic Universe, where the maximal temperature is at the bounce and the minimal one at the recollapse.
2. In the region 2, defined as δ > max{0, −3 + 1/w} and w > 0 or by −6 < δ < −3, one finds a recollapse followed by a rapid growth of the temperature. This leads to x → ∞ at some finite time. We elaborate on this issue in the appendix.
3. Region 3 defined as 0 > δ > 3(1 − 3w)/(1 + 3w) and w > −1/3 is a recollapse within the range of δ, for which x c (and a de Sitter evolution) could be in principle reached. Nevertheless, after the recollapse the temperature reaches x = x p = T p /T 0 (where 1 < x p < x c ), for which a x (x p ) = 0. At x = x p the evolution of x becomes discontinuous and therefore unphysical. For x p < x < x c one finds growing Universe with de Sitter expansion in future infinity, similar to the dS bounce scenario. However, going back in time we will reach again x p with a discontinuity in the temperature so this is unphysical as well.
4. Region 4, defined by −3 < δ < min{0, 3(1 − 3w)/(1 + 3w)} is a single bounce. For δ > −2, it is a "normal bounce", at x = 1 for which x → 0 for t → ∞. So we have an initially contracting Universe followed by a bounce followed by a standard (non-accelerating) expansion with gradual decrease in temperature. Alternatively, for a different boundary condition ρ(x 2 ) = 0 one finds the "dS bounce", with x 2 being the bounce temperature. The temperature will asymptote to the critical temperature x → x c as t → ∞. One cannot obtain a cyclic Universe in this scenario, since x → 0 (and therefore ρ → 0) happens in future and past infinity. For −3 < δ < −2 the roles of x = 1 and x 2 are simply switched: For x = 1 one finds a dS bounce and for x = x 2 < 1 one obtains a "normal" bounce. Region 4 is the only part of the parameter space where one can obtain a "normal" bounce and reach the x → 0 limit for t → ±∞ and a → ∞.
5.
Region 5, defined as −3 + 1 w < δ < −6 is a recollapsing Universe with decreasing temperature. Since ρ u contains T 4+δ term and 4 + δ < 0, one finds ρ → ∞ in a finite time.
6. Region 6, defined as w < 0 and δ < min{−6, −3 + 1 w } is an exotic cyclic scenario, for which x is minimal at the bounce and maximal at the recollapse.
Conditions for a Cyclic Universe and a single bounce
The question of cyclic vs. a single bounce or recollapse lies in the existence of additional roots of ρ(x = 1) = 0:
If x = 1 is the only solution of (4.9), then the equations of motion only allow a single bounce or recollapse depending on the pressure p(x = 1). In such a case, the recollapse always leads to unstable Universe with ρ → ∞.
In the case of multiple solutions of (4.9), we first assume that x = 1 is within our domain. In such a case we shall distinguish between two possible scenarios. In the first one the energy density is positive, between x = 1 and x = x 2 so one can reach x = x 2 evolving from x = 1. This case is simply a cyclic universe for which temperature is limited from below and above by two solutions of (4.9). In the other case the energy density is negative between x = x 2 and x = 1 so one obtains two separate cosmological scenarios with the same values of parameters δ, w and α, but different boundary conditions, namely x = 1 and x = x 2 . These two scenarios have different allowed range of temperature and will evolve independently to a dS bounce or to a normal bounce with x → 0 for t → ±∞. Examples of multiple solutions of (4.9) are shown in Fig. 7 .
Conditions for the existence of the cyclic Universe can be expressed in the following way: ρ crosses 0 at x = 1. Therefore, it is positive for some range of x. One can be sure that a cyclic Universe exists, if ρ < 0 for x → 0 and x → ∞. Considering equation For δ < 0 there is some dependence on α as well:
cyclic :
(4.11)
Note that within those ranges one can obtain both "normal" and "exotic" cyclic scenarios, depending on the value of α. For instance for α δ part of region 1 would be an "exotic" cyclic Universe labeled in brown (see Fig. 13 ) for details. The condition for a single bounce is that ρ ↓ 0 as x → 0 from above. Considering (4.4) we get the following necessary and sufficient conditions: As explained before, each single bounce solution will contain both a dS branch and a "normal" branch. For the rest of the section we discuss the different viable scenarios: Cyclic universes, dS Bounce, and "normal bounce" -bounce followed by deceleration. Finally we shall discuss the special case where the bounce does not occur at an extremum of the temperature. The recollapsing scenarios that result in future singularities have an interesting singularity structure. We relegate the discussion of the various instabilities and singularities to the appendix. We would like to stress that the non-singular solutions were obtained from dynamically solving the equations of motion with given initial conditions, and are not a result of additional external constraints.
Cyclic solutions
The condition for a cyclic scenario is that apart from x = 1, there exists another root of the Eq. (4.9) and that a positive energy density ρ ≥ 0 interpolates between them.
In addition, for a realistic cyclic scenario one requires a very large range of temperatures, i.e. x 2 1 or x 2 1 (for a bounce or recollapse at x = 1 respectively). This can be easily obtained. For example, for small δ 1 the temperature at the bounce is x = 1 (region 1 , green) and at recollapse: 7
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A big ratio between minimal and maximal temperature of the Universe may also be obtained in the red part of region 1. In such a case, for δ −3 + 1/w one finds
(4.14)
Approximations presented above are very consistent with numerical values of x 2 , as shown in Fig. 8 . An example of the cyclic scenario of region 1 is given in Figure 9 . We present the evolution of the Hubble parameter H, the temperature T in the left panel and the NEC evaluation on the right panel. NEC is violated only around the bounces. The maximal temperature is occurring at the bounces, and the minimal temperature at the recollapses. 8 The second case of the cyclic Universe occurs in the brown and the yellow colors 8 In the plotted example T max /T min = 10 4 , however the only limitation is the numerical integration and there is no obstacle to having this ratio arbitrarily large by considering smaller and smaller δ for negative w, or δ −3 + 1/w for w > 0. For α = 1, a plausible example in the Banks-Zaks case is δ ∼ 0.03 that will result in T max /T min 10 10 and δ = 0.01 to T max /T min ∼ 10 31 . of region 6 of Fig. 6 , and is plotted in Fig. 10 . It involves a cyclic solution but with minimal temperature at the bounce and maximal at the recollapse. The only difference between different colors in this case is the fact that for brown and yellow of region 6 one obtains a recollapse and bounce at x = 1 respectively. 
Single bounce solutions
Multiple solutions of Eq. (4.9) do not need to lead to the cyclic scenario. This will occur from dynamically solving the equations of motion if the different roots of ρ = 0 are not connected by ρ > 0 region. Depending on the initial conditions, we will either have a single dS bounce as in the pure unparticle case, or we shall have a "normal bounce". This corresponds to regions 4 yellow and green respectively. An example of both possibilities is depicted in Fig. 11 . The example of Fig. 11 is the manifestation of the two branches demonstrated in right panel of figure 7 . Let us note that contrary to other scenarios discussed here, the "normal bounce" does not have a lower bound on the temperature. For α = 1 one finds δ = −2, which in the Fig. 6 is a borderline between yellow and green regions. Indeed, the case of δ = − 4α 1+α is a transition between those two regions of the parameter space, since it generates a transition between de Sitter Universe and decelerated evolution of a scale factor and breaks the symmetry around each bounce. As a result, one can have a slow contraction phase followed by a dS phase. This is in contrary to the previous analysis where a future dS phase with H c , implied a previous exponential contraction with similar negative −H c prior to the bounce. Havingẋ = 0 at the bounce is possible in this case because for α > 1/3 and any w or for α < 1/3 and −1 < w < (7 + 3α)/(9 − 3α) the energy density obtains a minimum at x = 1. Thus, one obtains ρ ≥ 0 for all x. An example of the evolution of H and T in this special case is presented in Fig. 12 . 1+α , which is a borderline between the yellow and green parts of region 4. In this caseẋ(x = 1) = 0, so the temperature does not obtain an extremum at the bounce. In this unique case one finds a transition between a decelerated contraction and a de Sitter-like exponential growth of the Universe before and after the bounce respectively. By choosing different initial conditions one could obtain a reverse scenario, in which exponential contraction would be followed by the decelerated growth of the Universe. Right panel: Evolution of normalized ρ + p and p ρ (solid and dashed lines respectively). Note that NEC is violated around the bounce and throughout the dS phase.
To conclude, the Universe filled with unparticles and a perfect fluid offers a rich spectrum of cosmological scenarios that are never singular. The allowed solutions include cyclic models as well as "symmetric" dS Bounce or a "normal bounce" depending on the parameters of the model. For the specific case where the temperature is not extremal at the bounce, one also obtains asymmetric bounces. In each scenario, there is a domain of the parameters where the range of temperatures is parameterically large and viable. Perhaps the most interesting case is the small 0 < δ 1 limit. This small anomalous dimension is sufficient to discard the singularity and produce a viable scenario, while being very close to the conformal point. It therefore deserves a closer inspection, that we turn to next.
Revision of the Banks-Zaks thermal average
In previous sections we have assumed that the renormalization scale µ is equal to T . In this section we are taking a more conservative approach by taking a fixed renormalization scale µ and varying temperature T . From dimensional analysis (2.4) is changed to:
where C is dimensionless and γ is the anomalous dimension of the operator [34] . Since we are interested in physics at large distances, i.e. low energies, we are considering T µ. As a result the trace of the energy momentum tensor near the conformal point g * uµ a will be
Notice that the power of temperature is different. Calculation of the anomalous dimension of the operator gives:
where ∆ is the scaling dimension of the operator, d S is the engineering dimension of the action and d is the engineering of the operator. Since d S = d = 4, we get γ = a. As a result, the functional form of the θ µ µ of the pressure and energy density of the Banks-Zaks/unparticles fluid is unchanged. However, now δ ≡ a, so δ is now limited to 1 δ ≥ 0. Since at the level of equations the µ = T case is effectively just a subset of µ = T , one can read off possible cosmological scenarios for µ = T from the analysis presented in sections 3,4.
As shown in Sec. 3, in the case of unparticles only, such a range for δ cannot lead to a bounce. It either describes a hot Big Bang scenario, or it has a discontinuity in H and T , see again Figure 5 . However, in the case of unparticles with a perfect fluid one can still obtain bouncing and recollapsing solutions. From the discussion in sec. 4.1 and from Fig. 6 we realize that the only viable non-singular solutions will correspond to cyclic ones, while single bounces are precluded. Having a small parameter simplifies the analysis considerably. The condition for a cyclic scenario becomes w < 1/3. For α > O(δ) the bounce will occur at maximal temperature and the recollapse at the minimal one (Region 1). However, if there is further hierarchy, α δ 1, the "exotic cyclic" scenario with bounces at minimal temperature may occur.
Examples of the phase diagram depending on the values of α is depicted in Figure  13 . The plot shows all parametric dependence of theory. Once again, the striking feature is that the small anomalous dimension is sufficient to produce a non-singular universe with phenomenologically viable range of temperatures, and without using the scalar field paradigm. Of particular interest are again the regions 1 with w < 1/3, 0 < δ 1 that give a realistic cyclic scenario with a huge range of tempertures during the evolution. makes the model more realistic. In the single bounce case, one may obtain different temperatures of the bounce for the same values of parameters, which may lead to radically different cosmological scenarios. An example of such a case is shown in Fig  (11) , where we have presented a de Sitter-like scenario (similar to the one from the unparticles only case) together with a more conventional bouncing model with the decelerated expansion of the Universe after the bounce.
In section 5 the case of the fixed renormalization scale (i.e. µ = T ) has been investigated. This approach seems more appropriate from the field theory point of view. For this case expressions for energy density and pressure of unparticles remain unchanged. Nevertheless, the parameter space is constrained 0 < δ 1. Bouncing scenarios cannot be realized in this case for unparticles only. For unparticles + fluid all regions presented in Fig 6 can be obtained except the yellow region. Hence, in the 0 < δ 1 case the temperature is always maximal at the bounce. Viable non-singular scenarios here are only cyclic universes, in most cases with maximal temperature at the bounce and minimal at the recollapse.
To recap, according to our analysis the main promising scenarios are the "genesis" from Minkowski space in section 3.4, the cyclic scenarios of δ 1 or δ −3 + 1/w of region 1 in section 4.2, the single bounce (dS or normal) of region 4 in section 4.3 and the asymmetric bounce of section 4.4, where the bounce is not an extremum of temperature.
With the exception of string gas cosmology [35] , early universe models have been heavily based on the scalar field realization, be it inflation or a bounce. Our consideration of Banks-Zaks theory therefore opens several new avenues in early universe research, which deserve further attention:
1. Using other field theories such as gauge theories for describing early universe evolution. We have taken a specific example, that is the Banks-Zaks theory near its conformal point. The crucial ingredient was the deviation from traceless energy momentum tensor with an anomalous dimension of the operator. It would be interesting if other CFTs or gauge theories slightly away from the conformal point can be as fruitful and provide other interesting results.
2.
At the macroscopic level, the thermal average of such theories is a huge simplification, as it allows to write down the energy density and pressure as functions of temperature only, even though they do not conform to the standard p = wρ.
Since we are interested in the global behavior of spacetime, this seems like a plausible simplification. One should consider the limitations of this approach. Specifically, an interesting analysis will be determining when will the microscopic degrees of freedom become relevant and the thermal average analysis looses its validity.
3. The thermal average resulted in the temperature behaving as a time variable. This is not very surprising in Cosmology. However, to show the dynamics we did solve the equations using cosmic time. It will be nice to formulate the dynamics in terms of temperature only, as it may considerably simplify the analysis.
4. The absence of a fundamental scalar field, immediately bypasses a multitude of theoretical questions such as Swampland issues [36] [37] [38] , and requires a redefinition and reanalysis of other questions like the stability of the theory, most notably in the case of NEC violation. When relevant, other questions such as eternal inflation and the measure problem have to be rephrased and assessed.
5.
Focusing on non-singular solutions, Banks-Zaks theory can easily be added to some other effective field theory describing inflation or a slow contraction, thus allowing to independently address the Big Bang singularity problem, regardless of the mechanism responsible for the observed CMB spectrum. Of specific interest is using it to provide the bounce needed in bouncing models. "Healthy" bouncing mechanisms, are scarce and in scalar field theories involve rather complicated lagrangians with non-canonical kinetic terms. This is due to the inherent instabilities usually associated with the NEC violation. Banks-Zaks theory is therefore a new bouncing mechanism, that could readily be combined with existing slow contraction or inflationary models. Predictions of such combinations and possible distinct signatures should be calculated.
6. As we have shown, the Banks-Zaks theory could support various early universe scenarios including inflation, slow contraction, exponential contraction and cyclic models. Hence, it allows for a multitude of valid background evolutions that solve the isotropy and flatness problem of the Hot Big Bang paradigm. For the sake of predictivity, an immediate question is its prediction for the scalar and tensor primordial spectrum. We are currently in the process of calculating these observables.
7. For certain ranges of the parameter space, the unparticles seem to support possible Inflation or Dark Energy epochs, even without a bounce. We are currently analyzing these possibilities.
To summarize, Banks-Zaks theory in a cosmological background possesses a very reach phenomenology and our analysis has raised many novel issues for future analysis and discussion.
A Appendix -Different instabilities in the collapsing Universe
In the appendix we wish to discuss the way various solutions reach a singularity at finite time or are unphysical for other reasons. These correspond to regions 2,3 and 5. As mentioned, whenever p 0 > 0 one obtains a recollapse at T = T 0 . The recollapse itself may be followed by a bounce (see Figs. 9, 10) or by a pole of T and H (see Fig.  14) . We realize the source of the instability by noting that H = ± ρ/3 giveṡ
where a x = da dx . Let us consider the shrinking Universe (red and brown regions in the Fig. 6 ), which indicates the minus sign in (A.1). For δ > 0, δ > −3 + 1/w (region 2) and α > δ 3(δ+4) one finds in the big x limit
.
(A.2)
Since, 1 + w and δ are positive, x(t) has a pole, which is a source of instability. For δ < 0 we have to distinguish between red and brown regions. ForṪ > 0 (red) one finds x > 1 after the recollapse. Thus, in the x 1 limit one can obtain an analytical solution of (A.1)
3) For the recollapse with decreasing temperature (brown region) one obtains δ ≤ −6 and x ≤ 1, which for small x gives
(A.6)
Note that for certain t one finds x = 0. Since ρ u contains a x 4+δ term and 4 + δ < 0 for the brown region, one quickly obtains ρ → ∞ for x → 0. Right panel of Fig 14 shows a numerical example of the evolution of the normalized Hubble parameter and temperature in region 5.
